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Abstract 

We study the asymptotic behaviour of the inductance coefficient for 
a thin toroidal inductor whose thickness depends on a small parameter 
e > 0. We give an explicit form of the singular part of the corresponding 
potential u e which allows to construct the limit potential u (as s — * 0) 
and an approximation of the inductance coefficient L £ . We establish some 
estimates of the deviation u £ —u and of the error of approximation of the 
inductance. We show that L £ behaves asymptotically as lne, when e — > 0. 

Resume 

On etudie le comportement asymptotique du coefficient d'inductance pour 
un inducteur toroidal filiforme dont l'epaisseur depend d'un petit paramet- 
re e > 0. On donne une forme explicite de la partie singuliere du potentiel 
associe u e puis on construit le potentiel limite u (quand e — > 0) et on 
donne une approximation du coefficient d'inductance Lr . On etablit des 
estimations de l'ecart u £ —u et de l'erreur d'approximation de l'inductance. 
On montre que L E se comporte asymptotiquement comme lne au voisi- 
nage de e = 0. 
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1 Introduction 



Electrotechnical devices often involve thick conductors in which a magnetic field 
can be induced, and thin wires or coils, as inductors, connected to a power source 
generator. The problem is then to derive mathematical models which take into 
account the simultaneous presence of thick conductors and thin inductors. For a 
two-dimensional configuration where the magnetic field has only one nonvanish- 
ing component, it was shown that the eddy current equation has the Kirchhoff 
circuit equation as a limit problem, as the thickness of the inductor tends to 
zero, see |S]. For the three-dimensional case, eddy current models require the 
use of a relevant quantity that is the self inductance of the inductor, see pQ, 
This number has to be evaluated a priori as a part of problem data. It is the 
purpose of the present paper to study the asymptotic behaviour of this number 
when the thickness of the inductor goes to zero. 

Let us consider a toroidal domain of R 3 , denoted by Sl £ , whose thickness depends 
on a small parameter e > 0. The geometry of f2 e will be described in the next 
section. We denote by r e the boundary of f2 e , by n s the outward unit normal 
to r e , and by fl' s the complementary of its closure, that is Sl' e = R 3 \ f2 £ . We 
denote by £ a cut in the domain Q' s , that is, £ is a smooth orientable surface 
such that, for any e > 0, £l' £ \ £ is simply connected. 

Let now h £ denote the time-harmonic and complex valued magnetic field. Ne- 
glecting the displacement currents, it follows from Maxwell's equations that 



curl h £ = 0, div h £ = 



n' 



Then, by a result in |]Q, p. 265, h £ may be written in the form 



hi 



V<p e +I e Vu £ , 



(1.1) 



where I s is a complex number, ip £ G W 1 (0 £ ) and satisfies 

Aip £ = in n' s , 

and u £ is solution of : 

f Au £ = in Q' e \ S, 







dn 
[u £ h = 1, 

du e 

dn 



on r e , 



(1.2) 



0. 



Here W 1 ^^) is the Sobolev space 

W\£l' e ) = {v; pv G L 2 (n' E ), Vv G L 2 (n' e )} , 
equipped with the norm 



IMk 1 ^) = {\\pv\\mn> e ) + l|V«||^ (n ,) J , 



(1.3) 



2 



where L p (W e ) denotes the space L p (fl' e ) 3 and p is the weight function p{x) 
(1 + \x\ 2 )~? . Let us note here, see 0], pp. 649-651, that 



Mw^{Q.' e ) 




Vv\ 2 dx 



is a norm on W 1 ^^), equivalent to i|1.3|) . hi (|1.2|l . n is the unit normal on E, 



and [u e ls (resp. — — ) denotes the jump of u e (resp. — — ) across E. 

l on is on 
In the number I e can be interpreted as the total current flowing in the 

inductor, see [2]. 

The inductance coefficient is then defined by the expression 

L e = I \Vu E \ 2 dx. (1.4) 

Our goal is to study the asymptotic behaviour of u £ and L e as e goes to zero. We 
first give an explicit form of the singular part of the potential u £ which allows 
to construct the limit potential u (as e — > 0) and an approximation of the 
inductance L e . We then prove that the deviation \\u e — u||v^ 1 (n / ) an d the error 
of approximation of L £ is at order O(et). Finally we show that the inductance 
coefficient L e behaves asymptotically as lne, when e — > 0, and we thus recover 
the result stated (without proof) in 0, p. 137. 

The remaining of this paper is organized as follows. In Section 2 we precise the 
geometry of the inductor by considering that this one is obtained by generating 
a toroidal domain around a closed curve, the internal radius of the torus being 
proportional to a small positive number e. Section 3 states the main result and 
Section 4 is devoted to the proof. 



2 Geometry of the domain 

We consider a toroidal domain, with a small cross section. This domain may 
be defined as a tubular neighborhood of a closed curve. Let 7 denote a closed 
Jordan arc of class C in K 3 , with a parametric representation defined by a 
function g : [0,1] — > R 3 satisfying 

g(0) = g(l), g'(0) = g'(l), \g'(s)\ >C >0. (2.1) 

For each s £ (0, 1] we denote by (t(s), v(s), b(s)) the Serret-Frenet coordinates 
at the point g(s), i.e., t(s),v(s),b(s) are respectively the unit tangent vector 
to 7, the principal normal and the binormal, given by 

9' , 

t = WY U = ¥V 

We have the following well-known Serret-Frenet formulae : 
t' = Ki>, v' = —nt + rb, b' = —tv, 
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where K and r denote respectively the curvature and the torsion of the arc 7. 
Let f2 = (0, l) 2 x (0, 2tt) and let 5 denote a positive number to be chosen in a 
convenient way. We define, for any e, < e < 5, the mapping F £ : il — > R 3 by 

F e (s, £, 9) = g(s) + r £ (0(cos 9 u(s) + sm6 6(a)), 

where r e (£) = (5 — e)£ + £■ We have 
<9F 



9s 
<9F £ 
dF F 



g' + r E (cos9v' + sin 9 b') 
(Iff I ~ r e ncos9)t + r £ r(cos9b — sm9is), 
(8 — e) (cos 1/ + sin b) , 

r e (— sin + cos 9 b) . 
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The jacobian of F e is therefore given by 

J E {a,Z,6) = (6-e)a e (s,Z,6)r e (0, 

where 

a e (s,£0) = Iff' 00 1 ~ r E (£)K(s) cos 9. 
According to Ij2.1|l . if 5 is chosen such that 

S\k(s)\ < \g'(s)\, 0<s<l, 

then 

< d < a £ < C* 2 , (2.2) 

and the mapping F e is a C 1 -diffeomorphism from into Af = F e (f2). 

Here and in the sequel, the quantities C, C\ , C2 , . . . denote generic positive 

numbers that do not depend on e. 




Figure 1 - A sketch of the inductor geometry 
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We now set, for any < e < 6, 

n s = A s = F (h), si' s = m. 3 \n s , n' e = int(U' s ulf), n £ = R 3 \n' £ . 

For technical reasons, we choose in the sequel < e < §. 

Given a function v on A^, we define the function v on Q by v — v o F £ . If 
v G L p (k & e ), 1 < p < oo, then v G L P (Q) and we have 



/ v dx — v (5 — e) a £ r £ dx. 
J a? Jh 



live W 1,P (A* ), 1 < p < oo, then v G W^A) and we have 
9^ dF - 

— = Vv ■ 6 = Vu • (a E t + r e r cos 8 b — r £ r s'm9 u), (2-3) 

OS OS 

dv dF 

— = Wv ■ = (S- eWv • (cos 6 v + sin 9 b), (2.4) 

dv — <9F, - 

= Vw ' ^7T = r s Vu ' (-sinfli/ + cos0 6). (2.5) 
Oo oo 

From 12.411 and I2.5|l we deduce 

-~- , sin# dv coso dv 

Vvb=- — + — , 2.6 

o - e oh, r £ 00 

cos 9 dv sin 9 dv , 
Vvv=- — — , 2.7 

o - e o£ r e d9 



and then, with i|2.3|) we get 



1 f dv dv 

Therefore, for u and v in H 1 (A S £ ), 



* v - t = z[Ts- T M ' (2 ' 8) 



/ Vu.Vvdx = (5-e) \ 



r £ du dv r £ a £ du dv 
a £ ds ds (S — e) 2 <9£ <9£ 
a £ r 2 r e \ du dv 
T £ + ~) ~d8d9 
r E r ( du dv du dv 
~ds"d9 + ~d9~d~s 



dx. (2.9) 



a. 

We also define the set T — (0, 1) x (0, 2n) and the mapping G £ : T — > M 3 by 
G £ (s,9) = g(s) +e(cos 9 u(s) + sin 9b(s)). 



The boundary of Q! e is then represented by T £ = G £ (T). We have 
dG 

- £ = (\g'\ — EK,cos9)t + ST(cos9b — sinOu), 
ds 

dG £ , .A n I \ 

= e{— sinfli/ + cos b). 
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If w € L 2 (T S ), we define w G £ 2 (r) by w — w o G e , and we have 

y wda = J we(\g'\ — encos9) da. (2-10) 

Clearly, f2 £ and its complementary Q' E are connected domains but they are not 
simply connected. To define a cut in n' e , we denote by So the set Fo((0, l) 2 x{0}) 
and <9E = Fq((0, 1) x {1} x {0}). Let £' denote a smooth simple surface that 
has <9£o as a boundary and such that the surface E = £' U So is oriented and 
of class C 1 (cf. 5 ). We denote by E + (resp. E _ ) the oriented surface with 
positive (resp. negative) orientation, and by n the unit normal on E directed 
from E + to E~. If w 6 W /1 (K 3 \ E), we denote by [w]s the jump of w across E 
through n, i.e. 



3 Formulation of the problem and statement of 
the result 



We consider the boundary value problem 

Au £ = 







[u e h = 1, 



in n' s \ E, 

on rv, 



(3.1) 



dn 



= 0, 



where n £ denotes the unit normal on T £ pointing outward fl' e and n is the unit 
normal on E oriented from E + toward E~. The inductance coefficient is defined 

by 



\Vu £ \ 2 dx. 



(3.2) 



We want to describe the asymptotic behaviour of u e and L e as e — » 0. 

We first exhibit a function that has the same singularity as might have the 

solution of Problem l|3.1|l (as e — ► 0). Let us define 

v(s,t,0) = ^-v(O, ( s ,£,0)ef2, 

where (p € C 2 (R) and such that 

m = 1 for < e < \ V(0 = for £ > |. 



We then define v : M 



by: 



v(x) 



if x en' s . 



G 



Let us also define 



1 / k sin 8 t 2 S £ n sin 6 d ( r 



27TOQ \ 5£ 



27ra (5H 



2tt(5 2 



/(*) 



tp(x) 



/(f W) ifxen a , 



o 





if x G fi' 5 , 

ifaseftj, with (s,£,e) = F^fr), 
ii x efl' s . 



We have the following result. 

Proposition 3.1. The function v is solution of 

Av = f in M 3 \ E, 

Ms = 

= 0. 



dv 



On 



Moreover, it satisfies 



dv 
dn E 



on r £ 



(3.3) 



(3.4) 



Proof. The first equation in (|3.3I) follows readily from definitions of / and v. It 
remains to check the boundary conditions. On Eq, we have obviously 



dv 



dn 



On Eo, we have 

= (ft W |S- = 0: 

whence [u]s = y>. We also have, according to (|2.6|l . (|2.7(l . 



Vui 



1 



| s o 27rao 27ri5£ 
with Eq = (0, l) 2 . The normal to Eq is defined by 



for 6 = 2tt, 
for = 0, 



1 



T ((\g'\-5^)b-S^rt). 



Therefore 



dv (p. 

dn|s ~ 2tt((| 9 '| - 5£k) 2 + 6 2 er 2 )i 



\g'\-6tK , <5£r 2 



«o 
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and then 

We have, by fZBHZBI 

1 /dv 



dv 
dn 



= 0. 



i / ov dv\ / 



' cos 9 dv sin 9 dv 



S <9£ 5£ 89, 
'sm9dv cos9dv^ 
~S~d£ + ~Sfd9, 

The normal to T £ is parametrically represented by — (cos^i/ + sin 9b). Then, 
since <p'{% ) — 0, 

dv Idv e 9 e 

We conclude that v is solution of Problem l|3.3|) . □ 
Lemma 3.1. For any 1 < p < 2 we have 

/ e p p (R 3 ), v e l°°(r 3 ) n w^^iM 3 \ £). 

Proo/. Clearly w e L°°(R 3 ). Let us calculate the W -norm of /. Using the 
mapping F q , we have 



Ilp(R 3 \£) 



ll/IIL 



i p (O a ) 



1 



(2tt)? 



1 f k sin r 2 <5 £ k sin ( 

«() 



5£ al 
a £<5 2 



_9 

9s V ao 



i5 2 ao £ dS. 



Owing to l|2.2[) and to the fact that tp is of class C 2 , we deduce that the above 
integral is finite provided that 1 < p < 2. 
Using {SSHO, we get 



<5 2 



>Y2 



6H 2 ^ Q 
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dx. 



With the same argument as for /, we deduce that the above integral is finite iff 
1 < p < 2. □ 

Let us now set w £ — u e — v. We have by subtracting from (|3.1|l . 

Aw £ = f in Q! e \ E, 

o on r e , 



<9w e 
dn e 

[w e ] s = 1 - <p, 
dw e 



(3.5) 



<9n 



0. 
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We note here that Problem l|3.5l) differs from (|3.1|) by the value of the jump of 
the solution across E and by the presence of a right-hand side /. However, we 
notice that (1 — ip) vanishes in a neighborhood of <9E and then, for Problem 
<|3.5fl . the jump of w £ vanishes in a neighborhood of <9E. 

Now, to study the asymptotic behaviour of w e and L £ as e — > we consider the 
following decomposition. Let Wi denote the solution of 



Awi = 
[wi]v = l-tp, 



dn 



0. 



(3.6) 



^i(aj) = 0(|aj|- 1 ) |x| 



oo. 



Using p. 654, and the fact that (1 — ip) vanishes in a neighborhood of SE, 
we see that Problem (|3.6|l has a unique solution in H /1 (]R 3 \ E) given by 



wi(x) 



1 

47T 



/ (y) ■ (x - y ) , , , 
(i - v(v)) — i ,3 — My), 

\x - y d 



a; G 



\E. 



(3.7) 



Then we write w £ = wi + u>|, where the function w\ is solution of the exterior 
Neumann problem : 



in a' e: 
on r £ 
lacl — 



- = / 
<9u>f dwi 

{w s 2 (x) = 0(\x\- 1 ) 
We have the following result. 

Lemma 3.2. Problem l|3.8|l admits a unique solution u/| G W (0^.). 
Proof. Differentiating 1)3. 7fl . we obtain for a; G T e : 



(3.8) 



9wi 



1 



— (x) = -/(l-„(y)) 



4tt 



i n g (x) • n{y) 
\x - y\ 3 



da(y) 



3 f h , ^ (n £ {x) ■ (x - y)) (n(y) ■ (x - y)) 

Owing to the definition of ip, the integrals over E reduce to those over E where 

E = * e ((0,l) x (i, 1))UE'. 

So, for x G T £ and y G E, |as — y| > | since e is chosen not greater than |. 
Therefore 



dn E 



<C, 



(3.9) 



L°°(r. 



and, since G L 2 (fl' £ ), then Problem l|3.8|) is a classical exterior Neumann 
problem which admits a unique solution w\ G T / K 1 (il^), see [3], P- 343. □ 
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Let finally w 2 denote the unique solution in T4^ 1 (R 3 ) of 

J - Aw 2 = f in M 3 , 

[ w 2 (x) = 0(|a;| _1 ), |x| — > oo. 

As it is classical (see for instance) the function w 2 is given by 



(3.10) 



Mx) = -7-1 

47r JR3 



f{y) dy, xel 3 



\x-y\ 



Summarizing the decomposition process of the solution to Problem H3.1(l . we 
have 

u e = v + wi + w € 2 in Q' e \ S, 

where v, W\ and w?, are solutions of (|3.3() . I|3.6() and l|3.8|l respectively. 
We now state our main result. 

Theorem 3.1. Let u e be the solution of Problem Ij3.1|) and let L £ be the 
inductance coefficient defined by (|3.2|l . Let u be the function defined in K 3 \ E 
by u = v + wi + w 2 , where v, Wi and w 2 are solutions of l|3.3|l . i|3.6|) and l|3.10|l 

respectively. Then for any r\ > : 

\\u-u e \\ w i l{Ki) =0(ei-*), (3.11) 
L £ = --L lne + L'- [ f{w x + w 2 ) dx 

where £ 7 is the length of the curve 7 and 



The next section is devoted to the proof of this result. 

4 Proof of Theorem 13.11 



Let us first give estimates of the trace on T e for functions oiW 1 ^!^) or W 1,p (£l' E ), 
§ < p < 2. 

Lemma 4.1. There is a constant C, independent of e, such that : 

|| V||z»(r.)<Ce* | In s\i \\i>\\ w r {Q , e) for all ^ £ W\n' £ ), (4.1) 
IMU»(r.) < C (e* ll^l|wi.»(ni) + e*~* HWH^Ag)) 

3 

for all t/» S VF 1,P (^) with compact support, - < p < 2. (4.2) 
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Proof. Let ip S C 1 (fi e ) with compact support and let ip : Q — > K defined by 

^(2) = ^(F b (sb)), Sen. 
Let us first prove l|4.1|) . We have 



^(«,o,fl) = ^(«,i,fl)- / ^( s ,£,0)d£, {a,0) et. 
Jo d£, 



Consequently, 



1 



and, using the Cauchy-Schwarz inequality and (|2.2|l 



|^(s,O,0)| 2 <2|^( S ,l,0)| 



5^ 



<2|V(s,l,0)| 2 + 2d 



1 1 





a?? 2 



d£j 



9£ 



<2|^(s,l,0)| 2 +C 2 |lne| / a £ r, 

Jo 

for (s,9) 6 f. Since by (f^TTOfl . 

IMli>(r.) = e [a £ (s,9)\$(s,0,9)\ 2 dsd9, 



with 



H\\h(r t ) = S la s (s,6)\ip(s,l,6)\ 2 dsde, 



(4.3) 



(4.4) 

(4.5) 
(4.6) 



a e (s, 9) = a e (s, 0, 9), as(s, 9) = a$(s, 1, 9). 
We deduce from 1(4.4(1 . after multiplication by ea £ and integration in s, 9, 



HV'llis^) < 2e J^a e \ip(s, l,6)f dsdO + C 2 e\lne\ Ja £ a £ r £ 
Using 12.2(1 and the estimates < C3 < a £ , as < C' A , we get 



H\\h(r E ) < c 3 £ 6 / a s \ip(s,l,6)\ 2 dsd9 + C* 4 e|lne| / a £ r £ 
Jf Jh 



dip 



<9V 



9£ 



dir. 



dir. 



But (EH) yields 

llv^ (A5) = (*-e)/ a (^( 



r £ fdip dip\ 2 T £ a £ /<9"0\ 2 a £ j dip^ 

T - 



ds 891 {5-e)'- 



/dip\2 a £ /9^\ 2 A ,^ 
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Therefore 



IM&CT.) < C 3 s\ml Hrs) + C,e\ \ne\ ||W||i» (A|v 



Using the trace inequality and the fact that the support of tp is compact, we 
obtain 



H\\h ( r s) < (C 3 C 6 e + C 5 e\ lne|) ||V^||l a(ni) 



<C r e|Ine|||V^|? 



By density, (|4.1|) follows. 

Let us now prove JOJ. We have 



|V(*,0,fl)| a = 1^,1,5)1 



1 d_ 

o ^ 



= |^(s,l,0)| 2 -2 / 



1 



9£ 



Multiplying by e and integrating in s, 9, we get 



1 /-27T 



1 r 2n 



\ip(s,O,0)\ 2 d6ds = e 

io Jo 

Using (031), JO) and l|23)l. we get 



o Jo 



|V(s,M)l <$ds-2e jip-^dx. 



-dip 



i 2 (r e ) 

<c 8 E|^ii 



<9£ 



(4.7) 



To estimate the integral in the previous relationship we use the Holder inequality 

dip p 



<9£ 



< 



: |#<^) 5 ( 



dx 



rl~ m dx 



where q — w^- and m is such that - + - + — = 1, 

3— p p q m 

JSH-lEBJ), we have 



i.e., m 



3p 



Using 



livvil 



i"(A| 



? V 9s 86 J 



1 fdipy 
(5-e) 2 V~di) 



dx 



Using P^jl . we then have 

< C n s~ ||^|U<i(a|) II V-0||i,f(Af)- 



tjj^ dx 
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We note here that m > 2. Then the imbedding of W^ v {h. 5 e ) into L q {K s e ) implies 



In d£ 



< C12 e" 



Putting this estimate into l|4.7J) yields 



IIV-II 



<C H e 



2 {r5) +C 9 C 12 ei p ||W||| P(A|) . 



Using the trace inequality 

IIV>IU 2 (r 5 ) < Cia llV'llwi.j'Cni), 

we get 

Mh(r e ) < C (e Mwi,p (q > s ) + e 1 ^ I|V^|||p (A |) 
< C (e H\\wi, P{n > s ) + llVV'lli^Ai) 
The conclusion of the lemma follows by density. 

4.1 Proof of Estimate (EHT1) 

Let w\ = w% — u>2- Clearly w\ = u e — u, w\ € W 1 ^^) and it satisfies 



□ 



( Aw e 2 = 

dwi dw2 
dn £ dn e dn £ 
{^(x)=0(\x\- 1 ), 



in si' 



on r F 



(4.8) 



-co. 



Using the variational formulation associated with (|4. 8|) . Cauchy-Schwarz in- 
equality and Estimate (|4.1|l . we deduce 



|Vu4| 2 ^ 



<9n e <9n E 



z«2 da 



< 



dwi dw-2 
dn E dn E 



NIIU 2 (r e ) 



< Ce5 linelT 



dwi 




dw 2 






+ 


dn e 


i 2 (r e )j 



Using H3.9(l . we have 



9wi 
<9n E 



< C(measr e )2 < C l£ 2. 



(4.9) 
(4.10) 
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div 

To estimate — — , we use standard regularity results for elliptic problems, see 
0, p. 343, to deduce, since / G LP(R 3 ) for p < 2, that w 2 G W^K 3 ). Then 

we apply Estimate (|4.2[l to the function u = — — , 1 < i < 3 with p = 2 — rj, 

oxi 

< V < 5, 



< C e 5 



i 2 (r e ) 



9xj 



i a 

+ £3 2-1 



9 „ 
■3-VW2 



£"(A*), 



Since both norms on the right-hand side of the above inequality are uniformly 
bounded and since the outward unit normal n £ is uniformly bounded we obtain 



duto 



1 _ TJ 

< Ce 3 2 -i . 



L 2 (r e 



(4.11) 



Reporting (|4.1()(l and l|4.11jl into 14.9(1 and using the inequality | lne| < Ce 2r >, 
we get 

|V^| 2 dx < & ef- A-^ IIVSIII^^,). 



Therefore 



VwfH^,) < C 2 £8 _?? for all n > 0. 



□ 



4.2 Proof of Estimate (ETH1) 

To prove 1)3. 12[) we need the following lemmas. 

Lemma 4.2. We have for all 77 > 0, 



L e = [ \Vv\ 2 dx- [ fwdx+[(l-tp) 

JQ,' JR. 3 JS 



where = tui + W2 ■ 

Proof. Using the decomposition if = v + w e = v + w± + w\ it follows 



L e = 



Vw £ \ 2 dx + 2I Vv-Vw e dx. 



The estimation of the last two integrals can be achieved as follows. We use (|3.5H 
and the Green's formula to obtain 



Q' e \S 



Vw £ \ 2 dx = - w £ Aw e dx- w £ - — da + / (1 - <p)- — da 



dn E 



dn E 



fw £ dx+ / (1 — ip)— — da. 

on 
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Similarly, we use (|3.3|) to get 

Vw • Vu> e dx = — / w £ Av dx 



n> c \z 



n> s \-z 



ur 



dv 

dn F _ 



f dv 
da + / (1 — (p)-— da 
Js on 



Then 



L £ = [ \Vv\ 2 dx- [ fw e dx + f(l-<p) (^+2^) da. (4.13) 
Jn' e \s Ja> e Js V on on J 

We can now estimate the error between the above expression of L £ and the 
desired one. We have, with w =w\ + u>2, 

I fw dx — I fw £ dx 

JR 3 JQ' 





/ fwi dx 


'J 


' fw\ dx -+ 


J 


fu>2 dx — 


[ M 




JR 3 






JR 


5 




Jn> E 


< 


/ fw\ dx 


+ 


/ fw 2 dx 


'J 


' fw 2 dx 










JR 3 














+ 




dx 






















< 


/ fwi dx 


+ 


/ fw 2 dx 


+ 


s 


f(w2 


- u> 2 ) dx 












Jn> £ 







For 1 < p < 2 and q such that | + | = 1, we have thanks to Lemma [3. II and 
since w 2 e W 2 ' p (fi«) C i 00 ^), 



Jw 2 d;r < ||/||lp(o e ) \\w2\\li(q s ) 

< \\f\\Lp(n e ) lk 2 |Uoo(n E ) (measn e )« 

< Cel. 

We also have, since 1 — ^ = in a neighborhood of <9£ and then «;i g H 2 (Q. s ) C 



< ll/IU*>(n e ) IWU«>(n e ) (measfi e )<! < C e 



In addition, since u> 2 — w\ = u — u £ 



f(w 2 -w £ 2 )dx 



< \\f\\LP(fl' E ) \\u~ U £ \\ Lg{n , e 
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Choosing p so that q < and using 1)3. 11[) . we obtain 



/ fw\ dx 


+ 


I fw 2 dx 


+ 


/ f(w 2 -w e 2 )dx 










Jn' E 



<Ce* 



for any rj > 0. Now we have to estimate the difference of the two integrals over 
£ in (|4.13[> and in (|4.12(l . From (|4.8(l , (|3.10jl and the identity w 2 — w\ - w 2 , we 
deduce 



s on 



= / Vw 2 • V w 2 dx+ w 2 \ — 1- — — da. 

Then, using estimates (|4 . 1 p . 1)4.10(1 and (|4.11(l we get for any < ?/ < |, 

< llv^lU- 





dwi 




<9w 2 




( 




+ 

i 2 (r e ) 


dn e 


i 2 (r e )j 



+ ||w 2 ||L 2 (r e ) 

< l|Vw2||i2 ( o/) || Vtil ||i2 (n ,) 

+ C*e^ |lne|' ||ty 2 ||wM^)( e ' 

< Ci (lIVt^Hji^) +C|lne|»(e + e*-A 



Using the identity io| = u £ — u and H3.11|l , we get 



for any 77 > 0. Then we obtain the lemma from Q4.13f l- 14.15f l 
Lemma 4.3. We have 



(4.14) 

(4.15) 
□ 



\Vv\ 2 dx 



2tt 



lne + L' + 0(s), 



where £ 7 is the length of the curve 7 and 



n e i , 5 1 
L = — In - H - 

2tt 2 4tt 2 



S 2 £t 2 



ao£W) 2 + U -^—fi 2 ) dx + %L I' %- dl.. 



m \ a o J 27r J\ i 

Proof. Using the definition of v and the change of variable x = Fq(x), it follows 



\Vv\ 2 dx= \Vv\ 2 dx = A s e +B S E 
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with 



qs 4tt 2 Jfjs 47r 2 a 



where = (0, 1) x (|, 1) x (0, 2ir). Clearly, we can write 

4 = L d X + f P£(P 2 dx + 0(e). (4.16) 



Jn 4vr 2 47r 2 a 
Since (p(£) — 1 for < £ < i, we can write B s e as 

m2?r /• 1 />1 />27r 

= -^lns+^L\J-+ -^-£ 2 d9 d£ ds 

2ir 2ir 2 J JiJ Att 2 C 

f f f) r x r 1 r 2lT \n'\ 

h i„ „ , l 7 i„ , / / / Iff I ~2 



= --Mne + -I In- + / / / -^-S z d6dfds 

277 2tT 2 JJJ 47T 2 r 



•' rl r2n 5£k cos » 



4tt 2 £ 



<p 2 d6d£ds. 



= — ^lne+ -I In- + — / — d£ . 

From this and (|4.16() follows the lemma. □ 
Estimate <|3.12[1 follows immediately by combining Lemmas 14.21 and 14.31 
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